W^{2,1}_p Solvability for Parabolic Poincare Problem by Softova, Lubomira G.
ar
X
iv
:m
at
h/
03
07
37
7v
2 
 [m
ath
.A
P]
  5
 N
ov
 20
03
W 2,1p SOLVABILITY FOR PARABOLIC POINCARE´ PROBLEM
L.G. SOFTOVA
1. Introduction
Let Ω ⊂ Rn, n ≥ 3, be a bounded domain and L be an elliptic second order
differential operator defined in Ω. Consider a vector field ℓ(x) defined on ∂Ω. It
generates a first order boundary operator B throught oblique derivative with
respect to ℓ(x). The couple (L,B) defines an elliptic oblique derivative prob-
lem (ODP). It is well known that a boundary value problem for any elliptic
(and parabolic) differential operator is well-posed if it satisfies the Shapiro-
Lopatinskii (S-L) complementary condition. In a case of a second order op-
erator the ODP is regular (or it satisfies the mentioned condition) when the
generating vector field is nowhere tangential to the boundary. Otherwise the
problem is called degenerate or tangential. An exception of this rule is the
two dimensional case when the S-L condition always holds, i.e. the oblique
derivative problem in the plane is always regular even when ℓ(x) is tangential
in some points of the boundary. The theory of regular elliptic and parabolic
ODP elaborated in Ho¨lder and Sobolev spaces could be found in [1], [5], [7],
[8] and many others.
For a first time a tangential problem for the Laplace operator (∆,B) was
posed by Poincare´ in his study of the theory of tides, but he did not solve it.
Later it became an object of study through modern mathematical techniques
as the theory of pseudo differential operators, the Fourier integral operators
and others. The Poincare´ problem still provocates interest becous of different
effects that occure near to the set of tangency and the lack of unify approach
in its study.
The qualitative properties of the solution strongly depend on the behavior
of the ℓ-integral curves near to the set of tangency (order of contact, direction
of integral curves, etc.). In this context we can distinguish three types of
contact: neutral — the ℓ-curves always enter into or leave Ω (i.e. l preserves
its sign near to the set of tangency); emergent — the ℓ-curves first enter into
Ω and after the contact go out of the domain (ℓ changes its sign from − to +
near to the set of tangency); submergent — al contrary of the previous case ℓ
changes its sign from + to − (under a sign of ℓ we always mean the sign of the
scalar product (ℓ · ν) and ν is the unit outer normal to ∂Ω). A various results
about elliptic and parabolic Poincare´ problems in Ho¨lder and Hs spaces are
presented in [10], [12], [11] [13], [16], [17], [18], [9].
In the present work we consider degenerate ODP in a bounded cylinder
Q = Ω× (0, T ) for a linear second-order uniformly parabolic operator P with
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coefficients allowing discontinuity in t. The vector field ℓ(x, t) generating B is
defined on S = ∂Ω× (0, T ) and is tangential to it in some subset E. The kind
of contact is of neutral type and we suppose that γ(x, t) = (ℓ(x, t) · ν(x)) ≥ 0
on S. It means that the boundary value problem under consideration is of
Fredholm type, i.e. both the kernel and cokernel are of finite dimension.
We are interested of strong solvability of our problem inW 2,1p (Q), p ∈ (1,∞).
Because of the loss of regularity of the solution near to the set of tangency E we
impose higher regularity in E of the data. The study is based on the original
Winzel’s idea to extend ℓ into Ω such that to obtain explicit representation of
the solution through the integral curves of that extension. Thus the problem
is reduced to obtaining of suitable a priori estimates for the solution and
its derivatives on an expanding family of cylinders. Further, the solvability
is proved using regularization technique which, roughly speaking, means to
perturb the vector field ℓ by adding small ε times ν, to solve the such obtained
regular ODP and then pass to limit as ε→ 0. The perturbed problem regards
linear uniformly parabolic operator P with VMO coefficients and boundary
operator B with (ℓε ·ν) > 0. In this case we dispose of unique solvability result
in W 2,1p (Q), p ∈ (1,∞) supposing Pu ∈ L
p(Q) and initial and boundary data
belonging to the corresponding Besov spaces (see [15], [8]).
Poincare´ problem for linear uniformly parabolic operators with Ho¨lder con-
tinuous coefficients is studied in [11] (see also [13]) where unique solvability
in the corresponding Ho¨lder spaces is obtained. Moreover, the linear results
were applied to the study of semilinear parabolic problem in Ho¨lder spaces.
A tangential ODP for second-order uniformly elliptic operators with Lipschitz
continuous coefficients was studied in [9] (see also [8]). It is obtained strong
solvability in W 2,p(Ω) but for p > n/2.
In our case the parabolic structure of the equation permits to obtain an
a priori estimate for the solution in W 2,1p (Q) only through the data of the
problem. Thus we are able to prove unique solvability for all p ∈ (1,∞)
avoiding the use of maximum principle and omitting any additional conditions
on the vector field.
2. Statement of the problem and main results
Let Ω ⊂ Rn, n ≥ 3 be a bounded domain with ∂Ω ∈ C2,1 and Q = Ω×(0, T )
be a cylinder in Rn+1. Set ℓ(x, t) = (ℓ1(x, t), . . . , ℓn(x, t), 0) for a unit vector
field defined on the lateral boundary S = ∂Ω×(0, T ).We consider the following
oblique derivative problem
Pu ≡ ut − aij(x, t)Diju = f(x, t) in Q,
Iu ≡ u(x, 0) = ψ(x) on Ω,
Bu ≡
∂u
∂ℓ
= ℓi(x, t)Diu = ϕ(x, t) on S.
(2.1)
Denote by ν(x) = (ν1(x), . . . , νn(x)) the unit outward normal to ∂Ω. Then we
can write ℓ(x, t) = τ(x, t) + γ(x, t)ν(x) where τ(x, t) is tangential projection
W
2,1
p SOLVABILITY FOR PARABOLIC POINCARE´ PROBLEM 3
of ℓ on S and γ(x, t) = (ℓ(x, t) · ν(x)) ≥ 0. Let E ⊂ S be the set of tangency
and E ∩ ∂Ω = E0.
The set of tangency has the form E = E0 × (0, T ) where E0 ⊂ ∂Ω. By Σ
we denote a cylinder with a base Σ0 ⊂ Ω being small neighborhood of E0,
SΣ = ∂Σ ∩ S such that E ⊂ SΣ. Thus Σ = Σ0 × (0, T ) is a domain where we
shall impose more restrictive conditions on the data of (2.1), while in Q \ Σ
we can take the same conditions as in the regular case. Precisely:
(i) P is a uniformly parabolic operator : ∃ λ > 0 such thatλ|ξ|
2 ≤ aij(x, t)ξiξj ≤ λ−1|ξ|2 a.a. (x, t) ∈ Q, ∀ξ ∈ Rn,
aij ∈ V 1∞(Σ) ∩ VMO(Q), a
ij = aji (=⇒ aij ∈ L∞(Q)).
Here VMO is the Sarason class of function with vanishing mean oscil-
lation (see [14]) and V 1∞(Σ) := {v,Dxv ∈ L
∞(Σ)}.
(ii) B is a degenerate oblique derivative operator defined through a tangen-
tial vector field of neutral type: γ(x, t) = (ℓ(x, t) · ν(x)) ≥ 0 on S, γ(x, t) = 0 on E ⊂ S,ℓi(x, t) ∈ Lip(S) ∩W 2,1∞ (SΣ)
where the space W 2,1∞ (SΣ) consists of functions having L
∞(SΣ) deriva-
tives in x up to order 2 and in t of order 1.
(iii) Regularity of the data: for all p ∈ (1,∞)
(iiia) f(x, t) ∈ Vp(Q) := Lp(Q) ∩ V 1p (Σ),
‖f‖Vp(Q) = ‖f‖p,Q + ‖f‖V 1p (Σ) = ‖f‖p,Q + ‖Dxf‖p,Σ;
(iiib) ψ(x) ∈ W
3−2/p
p (Ω), ‖ψ‖
(3−2/p)
p,Ω =
[3−2/p]∑
s=0
∑
(s)
‖Dsxψ‖p,Ω+≪ ψ ≫
(3−2/p)
p,Ω
≪ ψ ≫(3−2/p)p,Ω =
∑
(s=[3−2/p])
(∫
Ω
dx
∫
Ω
|Dsxψ(x)−D
s
yψ(y)|
p dy
|x− y|n+pα
)1/p
where α = 3− 2/p− [3− 2/p].
(iiic) ϕ(x, t) ∈ Wp(S) := W 1−1/p,1/2−1/2pp (S) ∩W
2−1/p,1−1/2p
p (SΣ),
‖ϕ‖Wp(S) = ‖ϕ‖
(1−1/p)
p,S + ‖ϕ‖
(2−1/p)
p,SΣ
, where
‖ϕ‖(l)p,S =
∑
0≤2r+s≤[l]
‖DrtD
s
xϕ‖p,S+≪ ϕ≫
(l)
p,S
≪ ϕ≫(l)p,S=
∑
2r+s=[l]
≪ DrtD
s
xϕ≫
(l−[l])
p,x;S +
∑
0<l−2r−s<2
≪ DrtD
s
xϕ≫
((l−2r−s)/2)
p,t;S ,
and for 0 < α < 1 we define
≪ v ≫(α)p,x;S=
(∫ T
0
dt
∫
∂Ω
dx
∫
∂Ω
|v(x, t)− v(y, t)|p
dy
|x− y|n−1+pα
)1/p
,
≪ ϕ≫(α)p,t;S=
(∫
∂Ω
dx
∫ T
0
dt
∫ T
0
|v(x, t)− v(x, τ)|p
dτ
|t− τ |1+pα
)1/p
.
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(iiid) Compatibility condition on ∂Ω :
Bψ(x) = ϕ(x, 0) for
x ∈ E0 and p > 3/2,x ∈ ∂Ω \ E0 and p > 3.
(iv) The integral curves of ℓ on E are non closed and of finite length.
We are interested in solvability of the problem (2.1) in the Sobolev space
W 2,1p (Q) =
{
u ∈ Lp(0, T ;W 2,p(Ω)), ut ∈ L
p(Q), p ∈ (1,∞)
}
endowed by the norm
‖u‖W 2,1p (Q) =
2∑
j=0
≪ u≫(j)p,Q=
2∑
j=0
∑
(2r+s=j)
‖DrtD
s
xu‖p,Q.(2.2)
Under a strong solution to (2.1) we mean a function u ∈ W 2,1p (Q) satisfying
Pu = f almost everywhere in Q and the initial and boundary conditions hold
in trace sense.
Theorem 1 (A priori estimate). Suppose conditions (i) − (iv) to be fulfilled,
and u ∈ W 2,1p (Q) for 1 < p < ∞. Let Pu ∈ Vp(Q), Iu ∈ W
3−2/p
p (Ω) and
Bu ∈ Wp(S) then
‖u‖W 2,1p (Q) ≤ C
(
‖Pu‖Vp(Q) + ‖Iu‖W 3−2/pp (Ω) + ‖Bu‖Wp(S)
)
(2.3)
where the constant depends on n, p, λ, T, ∂Ω, ℓ, ‖aij‖L∞(Σ), and the VMO-moduli
of the coefficients.
Theorem 2 (Unique strong solvability). Assume (i)−(iv)to be fulfilled. Then
for all f ∈ Vp(Q), ψ ∈ W 3−2/pp (Ω) and ϕ ∈ Wp(S), the problem (2.1) admits a
unique solution u ∈ W 2,1p (Q) for all p ∈ (1,∞).
As in the case of regular ODP, the embedding result [6] gives Ho¨lder conti-
nuity of the solution to (2.1) for appropriate values of p.
Corollary 3. Let u ∈ W 2,1p (Q) be a solution of (2.1). Then
i) u ∈ C0,α(Q¯) with α < 2− (n+ 2)/p if p ∈ ((n+ 2)/2, n+ 2];
ii) Dxu ∈ C0,β(Q¯) with β < 1− (n + 2)/p if p > n+ 2.
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3. Auxiliary results
The following assertion gives some geometrical properties of ℓ (see [18], [13]).
Proposition 4. Let ℓ and Ω satisfy the assumptions listed above. There exists
a finite upper bound κ0 of the arclength of ℓ-integral curves lying on the set
E. Moreover, there exist extensions L(x, t) ∈ W 2,1∞ (Σ) and ν¯(x) ∈ C
1,1(Σ0) of
ℓ(x, t) and ν(x), and a cylinder Q0 = Ω0× (0, T ) with the following properties:
The base Ω0 ⊂ Ω, ∂Ω0 ⊂ C1,1 is such that E0 ⊂ ∂Ω \ ∂Ω0. Denote by
∂Q0 the lateral boundary of Q0 and S0 := ∂Q0 \ S. The extension L(x, t) is
strictly transverzal to S0 and each point of SΣ can be reached from S0 along
an L-integral curve of length at most κ′ > κ0.
Define Qτ = Q0 ∪ {e
sL(x, t) ∈ Q : (x, t) ∈ S0, 0 ≤ s ≤ τ, τ > 0}.
Under ∂Qτ we understand the lateral boundary of Qτ , and Sτ = ∂Qτ \ S =
{eτL(x, t), (x, t) ∈ S0} The family {Qτ}τ≥0 is non-decreasing and for every δ >
0 there exists θ = θ(δ) > 0, independent of τ, such that dist (Sτ , Sτ+δ) ≥
θ whenever Q \ Qτ+δ 6= ∅. The field L is strictly transversal to Sτ ∈ W 2,1∞
uniformly in τ.
Let we note that in the geometrical construction above we want that E0 ⊂
∂Ω \ ∂Ω0 although the set Ω0 ∩Σ0 could not be empty. In fact in the cylinder
Q0 = Ω × (0, T ) we have regular ODP with boundary vector field L which
coincides with ℓ on ∂Q0 ∩ S.
It is well known (see [4]) that there exists a neighborhood N of ∂Ω such
that for any x ∈ N there exists unique closest point y(x) ∈ ∂Ω and x =
y(x)− ν(y)d(x), y, d ∈ C1,1(Ω¯). Let Ω \ Ω0 ⊂ N , then d, y ∈ C1,1(Ω \ Ω0) and
we set
ν¯(x) = ν(y(x)), L(x, t) = ℓ(y(x), t) + d(x)ν¯(x) ∀x ∈ Ω \ Ω0, t ∈ (0, T ).
The regularity of L follows by the regularity properties of ℓ and d. The rest
of the proof repeats the arguments in [18, Proposition 3.2] and [13, Proposi-
tion 3.2.5].
We need also of the following variant of the Gronwall inequality (see [18]).
Proposition 5. Let ζ(τ) be continuous, bounded and positive function, defined
on [0,∞). Suppose there exist positive constants δ, A and C such that
ζ(τ) ≤ A+ C
∫ τ
0
ζ(s+ δ)ds for all τ > 0.
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Then ζ(τ) ≤ A
(
1 + (2π)−1/2(1− Cδe)−1eτ/δ
)
for Cδe < 1.
4. Cauchy problem
In the present section we discuss the solvability of the Cauchy problem and
the reducing of (2.1) to one with homogeneous initial data. Considervt −∆v = 0 (x, t) ∈ R
n × (0, T )
v(x, 0) = ψ˜(x) x ∈ Rn
(4.4)
where ψ˜ ∈ W 3−2/pp (R
n) is an extension of ψ as zero for x 6∈ Ω¯. The solution of
(4.4) is given by the potential
v(x, t) = (Γ ∗1 ψ˜) =
1
(4πt)n/2
∫
Rn
e−
|x−y|2
4t ψ˜(y)dy =
1
(4πt)n/2
∫
Ω
e−
|x−y|2
4t ψ(y)dy
and it can be considered as an extension in t > 0 of the initial data preserving
its regularity. In our case we have supposed higher regularity of Iu (note that
when the boundary operator is regular it is enough to take Iu ∈ W 2−2/pp (Ω))
looking for a solution of (4.4) possessing higher regularity in x. Having in mind
the estimates of the heat potential in Sobolev spaces (see [6, Ch IV, § 3, 4]) it
follows that v ∈ W 2,1p (R
n × (0, T )) and corresponding a priori estimate holds.
Moreover, since Dxv = Dx(Γ ∗1 ψ˜) = (Γ ∗1 Dxψ˜) we obtain also that
≪ (Γ ∗1 Dxψ˜)≫
(2)
p,Rn×R+≤ C ≪ Dxψ˜ ≫
(2−2/p)
p,Rn =≪ ψ˜ ≫
(3−2/p)
p,Rn .
On the other hand according to (2.2) and (iiib) we can write
≪ (Γ ∗1 Dxψ˜)≫
(2)
p,Rn×R+
= ‖D2x(Γ ∗1 Dxψ˜)‖p,Rn×R+ + ‖Dt(Γ ∗1 Dxψ˜)‖p,Rn×R+
= ‖D3xv‖p,Rn×R+ + ‖DtDxv‖p,Rn×R+ ≤ C ≪ ψ˜ ≫
(3−2/p)
p,Rn ≤ C‖ψ‖
(3−2/p)
p,Ω .
The function w = u− v satisfies
Pw ≡ wt − aijDijw = f(x, t) + (aij − δij)Dijv := f˜(x, t) in Q,
Iw ≡ w(x, 0) = 0 on Ω,
Bw ≡
∂w
∂ℓ
= ϕ(x, t) + ℓi(x, t)Div := ϕ˜(x, t) on S
where f˜ ∈ Vp(Q) and ϕ˜ ∈ Wp(S) according to (iii) and the regularity of v.
5. A priori estimates
In our further considerations we always suppose that Iu = 0. Our main goal
is to obtain an a priori estimate for the solution only through the data that
allows proving of unique solvability of (2.1).
Lemma 6. Let v ∈ W 2,1p (Q), p ∈ (1,∞), v(x, 0) = 0 and (i) hold. Let
Ω1 ⊂ Ω2 ⊂ Ω with ∂Ωi ∈ C1,1, Qi = Ωi × (0, T ), Si = ∂Qi ∩ S, i = 1, 2 such
W
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that dist (Q1, Q \ Q2) ≥ θ > 0. Then there exist constants C ′ and C ′′(θ) such
that
‖v‖W 2,1p (Q1) ≤ C
′
(
‖Pv‖p,Q2 + ‖v‖
(2−1/p)
p,S2
)
+ C ′′(θ)
(
‖v‖V 1p (Q2) + ‖v‖
(1−1/p)
p,S2
)
.
Proof. Take a cutoff function η(x) ∈ C∞0 (R
n) such that η(x) = 1 for x ∈ Ω¯1,
η(x) = 0 for x ∈ Ω \ Ω2 and maxΩ¯ |D
αη(x)| ≤ Cαθ
−|α|. For v ∈ W 2,1p (Q) it is
easy to see that P(vη) belongs to Lp(Q). Having in mind the a priori estimate
for homogeneous Cauchy-Dirichlet problem (see [2]), it is a standard procedure
to obtain an analogous estimate for non homogeneous one
‖v‖W 2,1p (Q1) ≤ ‖ηv‖W 2,1p (Q2) ≤
(
‖P(ηv)‖p,Q2 + ‖ηv‖
(2−1/p)
p,∂Q2
)
≤ C0
(
‖Pv‖p,Q2 + ‖v‖
(2−1/p)
p,S2
)
+
C1
θ
(
‖Dv‖p,Q2 + ‖v‖
(1−1/p)
p,S2
)
+
C2
θ2
‖v‖p,Q2
≤ C ′
(
‖Pv‖p,Q2 + ‖v‖
(2−1/p)
p,S2
)
+ C ′′(θ)
(
‖v‖V 1p (Q2) + ‖v‖
(1−1/p)
p,S2
)
.

Proof of Theorem 1. The derivative ∂u/∂L satisfies in Σ the following
Cauchy-Dirichlet problem

Dt
( ∂u
∂L
)
− aijDij
( ∂u
∂L
)
=
∂f
∂L
+
∂aij
∂L
Diju+DkuDtL
k
−aij
(
2DikuDjL
k +DkuDijL
k
)
= F (x, t) in Σ
∂u(x, 0)
∂L
= 0 on Σ0
∂u(x, t)
∂L
= ϕ(x, t) on SΣ.
(5.5)
Let Σ′′0 ⊂ Σ0 and consider a cut-off function η(x) ∈ C
2
0(R
n) such that η(x) = 1
for x ∈ Σ¯′′0, η(x) = 0 for x ∈ Ω \ Σ0 and supΣ0 |D
αη(x)| ≤ Cd−|α|0 where d0 is
the distance between Σ′′0 and ∂Σ0 \ ∂Ω. Then V =
∂u
∂L
η is a solution of
DtV − a
ij(x, t)DijV = F (x, t)η(x)
−aij(x, t)
(
2DiηDj
( ∂u
∂L
)
+
∂u
∂L
Dijη
)
=: F1(x, t) in Σ
V (x, 0) = 0 on Σ0
V (x, t) = ϕ(x, t) on SΣ.
As in Lemma 6 we have an a priori estimate for the solution of the above
problem
‖V ‖W 2,1p (Σ) ≤ C
(
‖F1‖p,Σ + ‖ϕ‖
(2−1/p)
p,SΣ
)
≤ C
(
‖u‖W 2,1p (Σ)+‖f‖V 1p (Σ)+‖ϕ‖
(2−1/p)
p,SΣ
)
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and the constant depends on the ∞-norms of aij , ℓ and diamΣ (through the
extension L). Having in mind that V = ∂u/∂L in Σ′′ we obtain∥∥∥ ∂u
∂L
∥∥∥
W 2,1p (Σ′′)
≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q) + ‖u‖W 2,1p (Q)
)
.(5.6)
Considering in analogous way the regular ODP in the cylinder Q \ Σ′′ and
applying [15, Theorem 1] we obtain
‖u‖W 2,1p (Q\Σ′′) ≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(S) + ‖u‖V 1p (Q)
)
.(5.7)
To estimate the Sobolev norm of u in Σ′′ we make use of an explicit formula
for the solution through the L-integral curves. Construct a cylinder Q0 =
Ω0 × (0, T ) (see Proposition 4) such that Ω0 ⊂ {Ω \ Σ
′′
0}, S0 lies in Σ \ Σ
′′
where L is well defined. Let (x, t) ∈ Σ′′ and ψ(τ ; x, t) = eτL(x, t), τ ∈ [0, κ′]
be the parametrisation of the L-integral curve passing through that point
(ψ(0; x, t) = (x, t)). Then there exists unique ξ(x, t) ∈ W 2,1∞ (Σ) such that
ψ(−ξ(x, t); x, t) ∈ Q0 ⊂ Q \ Σ
′′ and
u(x, t) = u ◦ ψ(−ξ(x, t); x, t) +
∫ τ
τ−ξ(x,t)
∂u
∂L
◦ ψ(s− τ ; x, t)ds.
First we shall estimate the Lp-norm of D2u in Qτ ∩ Σ′′ where {Qτ}τ≥0 is the
expanding family of cylinders defined in Proposition 4 (note (x, t) ∈ Sτ )
‖D2u‖p,Qτ∩Σ′′ ≤ ‖D
2u‖p,Qτ ≤ C
(
‖D2u‖p,Q\Σ′′ + ‖Du‖p,Q\Σ′′
+
∫ τ
0
(∥∥∥D2( ∂u
∂L
)∥∥∥
p,Qs∩Σ′′
+
∥∥∥D( ∂u
∂L
)∥∥∥
p,Qs∩Σ′′
)
ds+
∥∥∥ ∂u
∂L
∥∥∥
V 1p (Σ\Σ
′′)
)
≤C
(
‖u‖W 2,1p (Q\Σ′′) +
∫ τ
0
∥∥∥D2( ∂u
∂L
)∥∥∥
p,Qs∩Σ′′
ds+
∥∥∥D( ∂u
∂L
)∥∥∥
p,Σ′′
+
∥∥∥ ∂u
∂L
∥∥∥
V 1p (Σ\Σ
′′)
)
≤C
(
‖u‖W 2,1p (Q\Σ′′) +
∫ τ
0
∥∥∥D2( ∂u
∂L
)∥∥∥
p,Qs∩Σ′′
ds+
∥∥∥∂u
∂L
∥∥∥
V 1p (Σ)
)
(5.8)
We need an upper bound for the norm under the integral in order to apply
the Gronwall type inequality.
In our considerations we distinguish two cases. The first one is when Q \
Qs+δ 6= ∅ and according to Proposition 4, there exists θ = θ(δ) > 0 such that
dist (Ss, Ss+δ) ≥ θ. Consider the right-hand side in (5.8). The first term is
estimated by (5.7). To estimate the second one we apply Lemma 6 to the
solution ∂u/∂L of (5.5) with Qs ∩ Σ′′ and Qs+δ ∩ Σ′′ instead of Q1 and Q2∥∥∥D2( ∂u
∂L
)∥∥∥
p,Qs∩Σ′′
≤
∥∥∥ ∂u
∂L
∥∥∥
W 2,1p (Qs∩Σ′′)
≤ C ′
(
‖F‖p,Qs+δ∩Σ′′ + ‖ϕ‖
(2−1/p)
p,∂Qs+δ∩S
)
+ C ′′(θ)
(∥∥∥∂u
∂L
∥∥∥
V 1p (Qs+δ∩Σ
′′)
+ ‖ϕ‖(1−1/p)p,∂Qs+δ∩S
)
≤ C
(
‖u‖W 2,1p (Qs+δ∩Σ′′) + ‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
+ C ′′(θ)
∥∥∥∂u
∂L
∥∥∥
V 1p (Qs+δ∩Σ
′′)
.
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Let Σ′0 ⊂ Σ
′′
0 and Σ
′ = Σ′0 × (0, T ). Thus∥∥∥∂u
∂L
∥∥∥
V 1p (Qs+δ∩Σ
′′)
≤
∥∥∥ ∂u
∂L
∥∥∥
V 1p (Σ
′)
+
∥∥∥∂u
∂L
∥∥∥
V 1p (Σ
′′\Σ′)
≤ ε
∥∥∥D2( ∂u
∂L
)∥∥∥
p,Σ′
+ C(ε)
∥∥∥∂u
∂L
∥∥∥
p,Σ′
+ C‖u‖W 2,1p (Q\Σ′)
≤ ε
∥∥∥∂u
∂L
∥∥∥
W 2,1p (Σ′)
+ C(ε)
∥∥∥∂u
∂L
∥∥∥
p,Σ′
+ C(‖f‖Vp(Q) + ‖ϕ‖Wp(Q) + ‖u‖V 1p (Q))
≤ C(‖f‖Vp(Q) + ‖ϕ‖Wp(Q)) + C(ε)‖u‖V 1p (Q) + ε‖u‖W 2,1p (Σ′)
after applying the Gagliardo-Nirenberg interpolation inequality with suitable
ε > 0, (5.6) and (5.7). Finally, the last term in (5.8) is estimated dividing it
in two parts, i.e.∥∥∥ ∂u
∂L
∥∥∥
V 1p (Σ
′′)
+
∥∥∥∂u
∂L
∥∥∥
V 1p (Σ\Σ
′′)
≤ ε
∥∥∥D2( ∂u
∂L
)∥∥∥
p,Σ′′
+ C(ε)
∥∥∥∂u
∂L
∥∥∥
p,Σ′′
+
∥∥∥∂u
∂L
∥∥∥
V 1p (Σ\Σ
′′)
≤ ε‖u‖W 2,1p (Q) + C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
+ C(ε)‖u‖V 1p (Q)(5.9)
using (5.6) and (5.7) in the last step. Substituting the above estimates in (5.8)
we obtain
‖D2u‖p,Qτ∩Σ′′ ≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
+ ε‖u‖W 2,1p (Q)
+ C
∫ τ
0
‖u‖W 2,1p (Qs+δ∩Σ′′)ds+ C(θ, ε)‖u‖V 1p (Q).(5.10)
From the equation ut = a
ijDiju + f it follows an analogous estimate also for
ut. Hence
‖D2u‖p,Qτ∩Σ′′ + ‖ut‖p,Qτ∩Σ′′ ≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
+ ε‖u‖W 2,1p (Q) + C
∫ τ
0
(
‖D2u‖p,Qs+δ∩Σ′′ + ‖ut‖p,Qs+δ∩Σ′′
)
ds
+ C(θ, ε)‖u‖V 1p (Q)(5.11)
where we have interpolated the norms of the lower derivatives of u under the
integral and use that
∫ τ
0 ‖u‖p,Qs+δ∩Σ′′ds ≤ C‖u‖p,Q.
In the second case Qs+δ covers the whole cylinder and hence Q \Qs+δ = ∅.
The difference with the first one is the estimate for the second term in (5.8).
Using (5.6) and (5.7) instead of Lemma 6 and having in mind Σ′′ = Qs+δ∩Σ′′,
we get ∥∥∥ ∂u
∂L
∥∥∥
W 2,1p (Qs∩Σ′′)
≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
+ ‖u‖W 2,1p (Qs+δ∩Σ′′) + ‖u‖W 2,1p (Q\Σ′′)
)
≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q) + ‖u‖V 1p (Q)
)
+ ‖u‖W 2,1p (Qs+δ∩Σ′′).(5.12)
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Finally estimating (5.8) through (5.7), (5.12) and (5.9) we obtain again (5.10)
and (5.11).
Now we can apply the Proposition 5 to the function ζ(τ) = ‖D2u‖p,Qτ∩Σ′′ +
‖ut‖p,Qτ∩Σ′′ . Hence for values of τ grater than κ
′ for which Qτ ∩ Σ′′ ≡ Σ′′ and
δ > 0 small enough we have
‖D2u‖p,Σ′′ + ‖ut‖p,Σ′′ ≤ C(‖f‖Vp(Q) + ‖ϕ‖Wp(Q))
+ ε‖u‖W 2,1p (Q) + ‖u‖V 1p (Q).(5.13)
Combining (5.7) and (5.13), interpolating the Lp-norm of Du and choosing
ε > 0 to be small enough we obtain
‖u‖W 2,1p (Q) ≤ C(‖f‖Vp(Q) + ‖ϕ‖Wp(Q) + ‖u‖p,Q).(5.14)
To estimate the norm of u we take into account once again the differential
equation (see [7, Ch. VII]). Let u˜ be an extension of u as a zero for (x, t) 6∈ Q.
Obviously ‖u‖p,Q = ‖u˜‖p,Rn+1 and the same holds also for the time derivative.
Further it is easy to see that for any ς ∈ (0, T )
∫
Rn
|u˜(x, ς)|pdx =
∫ ς
0
∫
Rn
d
dt
|u˜(x, t)|pdxdt ≤ p
∫ ς
0
∫
Rn
|u˜(x, t)|p−1|u˜t(x, t)|dt
≤ p
(∫ ς
0
∫
Rn
|u˜t(x, t)|
pdxdt
)1/p (∫ ς
0
∫
Rn
|u˜(x, t)|pdxdt
)(p−1)/p
.
According to the above considerations and (5.14) we can write for the first
integral
‖ut‖p,Ω×(0,ς) ≤ C‖D
2u‖p,Ω×(0,ς)+‖f‖
p
p,Q ≤ C
(
‖u‖p,Ω×(0,ς) + ‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
.
The function U(ς) =
∫
Rn
|u˜(x, ς)|pdx satisfies
U(ς) ≤ C
(∫ ς
0
U(t)dt
)(p−1)/p ((∫ ς
0
U(t)dt
)1/p
+ ‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
≤ C
∫ ς
0
U(t)dt + C‖u‖p−1p,Q (‖f‖Vp(Q) + ‖ϕ‖Wp(Q)).
Hence the classical Gronwall inequality gives a bound for U(ς), that is
U(ς) ≤ C‖u‖p−1p,Q (‖f‖Vp(Q) + ‖ϕ‖Wp(Q))
and from the definition of U it follows
‖u‖p,Q ≤ C(‖f‖Vp(Q) + ‖ϕ‖Wp(Q)).
The last one combining with (5.14) and the a priori estimate for the solution
of the Cauchy problem give exactly (2.3). ✷
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6. Unique solvability
Proof of Theorem 2. The uniqueness follows trivially from (2.3). To prove
solvability we consider perturbed problem
Puε ≡ uεt − a
ij(x, t)Diju
ε(x, t) = f(x, t) in Q,
Iuε ≡ uε(x, 0) = 0 on Ω,
Bεu
ε ≡
∂uε
∂ℓε
= ϕ(x, t) on S
(6.15)
where ℓε(x, t) = ℓ(x, t) + εν(x). Obviously, for ε > 0, ℓε is nowhere tangential
to S and whence the above problem, being regular, has unique strong solution
uε ∈ W 2,1p (Q), p ∈ (1,∞). Moreover, in view of Theorem 1, u
ε satisfies the
estimate
‖uε‖W 2,1p (Q) ≤ C
(
‖f‖p,Q + ‖ϕ‖
(1−1/p)
p,S
)
≤ C
(
‖f‖Vp(Q) + ‖ϕ‖Wp(Q)
)
.
(6.16)
The second estimate is more restrictive but its constant does not depend on ε
while the first one depends on it throught the norm of ℓε as it could be seen
from the a priori estimate in [15].
By virtue of the compactness of the embedding W 2,1p (Q) →֒ V
1
p (Q) →֒
Lp(Q), and the weak compactness of bounded sets in W 2,1p (Q) there exists
subsequence, which we reable as {uε}, converging weakly to a function u ∈
W 2,1p (Q) and ‖uε − u‖V 1p (Q) → 0 as ε→ 0. Since∫
Q
fgdxdt =
∫
Q
(Puε)gdxdt −→
∫
Q
(Pu)gdxdt as ε→ 0, ∀ g ∈ Lp/(p−1)(Q)
we must have Pu = f a.e. in Q. Extending ℓε and ϕ in Q preserving their
regularity, we get
‖Bεu
ε − Bεu‖p,Q ≤ C‖D(uε − u)‖p,Q → 0 as ε→ 0.
Hence
‖ϕ− Bu‖p,Q = ‖Bεu
ε − Bu‖p,Q ≤ ‖Bεu
ε − Bεu‖p,Q
+ ‖Bεu− Bu‖p,Q ≤ C‖D(u
ε − u)‖p,Q + ε‖Du‖p,Q → 0 as ε→ 0.
Let we stress now our considerations on the cylinder Σ. The solution of
the regular problem gains two drivatives in x from f and one from ϕ, i.e.
uε ∈ V 3p (Σ). It could be seen easy taking the representation formula for the
solution of (6.15) (see [15, Lemma 1]) and the estimates for the heat potentials
(see [6]) as it was done for the solution of the Cauchy problem in Section 4.
Than it halds
‖uε‖W 2,1p (Σ) + ‖D
3
xu
ε‖p,Σ + ‖DxDtu
ε‖p,Σ ≤ C
(
‖f‖V 1p (Σ) + ‖ϕ‖
2−1/p
p,Σ
)
.
Repeating the above arguments we get ‖uε − u‖V 2p (Σ) → 0 as ε → 0. For the
extensions of ϕ and ℓε in Σ we get
‖Bεu
ε − Bεu‖V 1p (Σ) ≤ C‖uε − u‖V 2p (Σ) → 0 as ε→ 0
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and ‖ϕ− Bu‖V 1p (Σ) → 0. Therefore ϕ = Bu on S in trace sense. ✷
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